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Abstract
In this paper we explore how far the post-Newtonian theory, [9] goes in overcoming the
difficulties associated with anisotropic homogeneous cosmologies in the Newtonian approx-
imation. It will be shown that, unlike in the Newtonian case, the cosmological equations
of the post-Newtonian approximation are much more in the spirit of general relativity with
regard to the nine Bianchi types and issues of singularities.
The situations of vanishing rotation and vanishing shear are treated separately. The
homogeneous Bianchi I model is considered as an example of a rotation-free cosmology with
anisotropy. It is found in the Newtonian approximation that there are arbitrary functions
that need to be given for all time if the initial value problem is to be well-posed, while
in the post-Newtonian case there is no such need. For the general case of a perfect fluid
only the post-Newtonian theory can satisfactorily describe the effects of pressure. This is
in accordance with findings in [7] where the post-Newtonian approximation was applied to
homogeneous cosmologies.
For a shear-free anisotropic homogeneous cosmology the Newtonian theory of Heckmann
and Schu¨cking, [2] is explored. Comparisons with its relativistic and post-Newtonian coun-
terparts are made. In the Newtonian theory solutions exist to which there are no analogues
in general relativity. The post-Newtonian approximation may provide a way out.
1
1 Introduction
Due to its simplicity, the Newtonian approximation of cosmology is preferable to general rela-
tivity and is typically used wherever possible. However, in a recent paper [9], it is shown that
the Newtonian approximation has some difficulties. To begin with the Newtonian approxima-
tion is incomplete in the sense that the Bianchi identities cannot be obtained from the field
equations. It is generally accepted that Newtonian theory is a specialization of the linearized
approximation of general relativity cut off at the c−2-level. However, information is lost in this
cut-off procedure, and it is shown that cutting off at the c−4-level results in a theory in which
the Bianchi identities are obtainable from the field equations, [9]. Moreover, the Newtonian
theory has no initial value problem when applied to cosmology because there are no bound-
ary conditions. Therefore, the Poisson equation has no unique solution. The post-Newtonian
theory, on the other hand, is a closed, consistent and well-posed theory. The post-Newtonian
approximation used here is obtained by expanding up to order c−6 and reformulating the lin-
earized field equations as wavelike equations. A specialization of the resulting equations leads
to a formally well-posed c−4-theory. This c−4-approximation is the first order approximation to
give us consistency and formal well-posedness and, as we shall see, suffices as a “Newtonian”
approximation to cosmology. Going to higher order simply gives increasingly more accurate
approximations of general relativity.
In [7] it was shown that the post-Newtonian approximation, in the context of the k = 0
Friedmann-Robertson-Walker cosmology (FRW), is able to fully reproduce the results of its
general relativistic counterpart, whilst the Newtonian theory is not. The Newtonian approxi-
mation of cosmology does not allow the pressure to enter into the dynamics. Hence, changing
the equation of state, does not result in different solutions for the density and expansion. In
fact, the only solution that agrees with general relativity is that for the matter dominated uni-
verse. On the other hand, in the post-Newtonian approximation pressure becomes dynamic
through an extra function of time, A(t). Hence, the post-Newtonian theory is able to produce
differing solutions for alternative equations of state in accordance with general relativity. In
the case where A(t) goes to zero the pressure is forced to vanish and the higher order terms of
the post-Newtonian approximation vanish as well, giving exactly the same solution for dust as
the Newtonian theory does. Thus, Newtonian theory for homogeneous and isotropic cosmology
should only be used for the special case of dust, where the two theories, the Newtonian and
post-Newtonian, coincide.
In this paper we explore how far the post-Newtonian approximation goes in overcoming
the difficulties of the Newtonian theory when applied to the more general case of anisotropic
homogeneous cosmology. There is a great deal of theoretical and observational evidence to
support anisotropy in the universe, [5]. Any theory which attempts to approximate general
relativity should yield similar results to the fully relativistic theory. The FRW models are
isotropic and homogeneous. Although they fit most of the observed features of the universe
they do not fit all. Different geometries may be worth considering at earlier times, for example,
near the initial singularity. There might exist a general rotation of matter in the universe of
comparable magnitude to the general expansion that we can not detect. Shear might provide
a deviation away from isotropy since extra-galactic objects might be observed by the galactic
equator [3]. All homogeneous cosmologies fall into two classes: the Bianchi models, which are
those for which the isometry group admits a 3-dimensional simply transitive subgroup, and
those for which the isometry group is neither simply transitive, nor admits a simply transitive
subgroup – the Kantowski-Sachs models. There exist nine Bianchi types and, correspondingly,
nine Bianchi cosmologies, each class has subclasses with extra symmetries. The Bianchi types
are in general anisotropic, so they do not have all spatial directions at a point being equivalent.
Instead, there are now accelerations, and anisotropic observers will no longer be orthogonal to the
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surfaces of homogeneity. Not all Bianchi types are suitable for describing the universe. They were
first considered as cosmological models by Taub, [11] then shortly followed by Raychaudhuri,
[8] and Heckmann and Schu¨cking, [4]. These models contain the FRW models as a special case.
Thus, they are considered the simplest and the most likely cosmological candidates, in particular
Bianchi I, Bianchi IX and the LRS types 7o and 7h.
Bianchi I has a different cosmic scale factor for each direction and only becomes isotropic in
the case where the scale factors all become equal. In this case the Bianchi I model becomes the
k = 0 FRW cosmology. For nonzero shear these rotation-free anisotropic models are called the
Heckmann-Schu¨cking solutions, [2].1 In the vacuum case they become the Kasner solution.
Unfortunately, there are solutions in the case of anisotropy to which there are no general
relativistic analogues. Theorems of Ellis, [1] tell us that shear-free perfect fluids have either
vanishing expansion or vanishing rotation. The case of vanishing rotation just yields the FRW
model which is explored in [7]. The case of vanishing expansion, however, is more problematic
since in Newtonian cosmology it allows for singularity-free solutions. This in in contradiction
with theorems of Hawking which state that solutions of general relativity must have singularities.
The post-Newtonian approximation provides a way out of this difficulty.
We begin in section 2.1 with a review of homogeneous Newtonian cosmology. Then in 2.2
we consider post-Newtonian approximation to homogeneous anisotropic cosmology. We find
that the Newtonian theory is in general under-determined and unable to fully reproduce the
nine Bianchi types of general relativity. But the post-Newtonian equations produce a set of
cosmological equations which are more in the spirit of the Bianchi identities.
In section 3 we consider the case where the rotation vanishes separately. Bianchi I is taken
as an example of a rotation-free anisotropic and homogeneous cosmology, and explored in the
Newtonian and post-Newtonian contexts. In section 4 we consider the shear-free case. We end
in section 5 with a conclusion.
1Not to be confused with the Newtonian Heckmann-Schu¨cking cosmologies.
3
2 Newtonian Theory and the Post-Newtonian Approximation
in Homogeneous Anisotropic Cosmologies
2.1 Newtonian Homogeneous Anisotropic Cosmology
In the following we will consider the Newtonian cosmological model of Heckmann and Schu¨cking,
[2]. For a homogeneous cosmology the density, ρ, and the pressure, p, are functions of time only.
The velocity field, vi, is the same relative to all observers and such that vi = Vij(t)Xj , [6, 2, 10].
The theory is then described by the Poisson, continuity and Euler equations, which are given
by:
φ,ii = 4πGρ, (1)
ρ˙+ ρvi,i = 0, (2)
v˙i + φ,i = 0, (3)
where G is the Newtonian gravitational constant. Here •˙ refers to the convective derivative,
•˙ = ∂
∂t
•+vi•,i
We find from (3) that the Newtonian potential φ, up to a constant, takes the form φ =
aij(t)XiXj. Thus equation (1) simplifies to
aii = 4πGρ. (4)
We make the following decomposition
Vij =
1
3
θδij + σij + ωij, (5)
with
θ = Vii,
σij =
1
2
(Vij + Vji)− 1
3
θδij ,
ωij = ǫjikωk =
1
2
(Vij − Vji),
where the trace, θ is the expansion, the trace-free symmetric part σij is the shear and the anti-
symmetric part ωij is the rotation. Inserting these expressions for Vij , equations (2) and (3)
become
ρ˙+ ρθ = 0, (6)
and
θ˙ = 4πGρ− 1
3
θ2 + 2ω2 − 2σ2, (7)
ω˙i = −2
3
θωi + σijωj, (8)
σ˙ij = −2
3
θσij − σikσkj − ωikωkj + 2
3
(σ2 − ω2)δij − aij + 1
3
akkδij , (9)
where σ2 = 12σijσij and ω
2 = 12ωijωij = ωiωi.
Equations (4) and (6)–(9), along with a barotropic equation of state relating the density and
pressure, form the Newtonian approximation to cosmology. The structure of these equations is
as follows: There are eleven equations, one each arising from the Poisson, continuity and the
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trace of the Euler equation, five from the symmetric trace-free part and a further three from the
antisymmetric part. However, there are 16 unknowns: θ, ρ, ωi, σij and aij . Thus, the system is
under-determined and it is not possible to solve uniquely for all the unknowns.
Providing five arbitrary functions of time, for instance by specifying the shear σij(t), for
all time, we are able to solve for the five functions θ, ρ and ω, the Newtonian potential φ =
aij(t)XiXj and the pressure p through the barotropic equation of state. Then, for a set of initial
data (ωi(xi, 0), ρ(t0), φ(t0)) the set of homogeneous Newtonian cosmologies may be found since
(6), (7) and (8) can be uniquely solved for θ, ωij and ρ, and, aii can be determined from (4) and
aij from (9).
This is very different to the fully general relativistic case where there are nine possible
symmetry groups. In general relativity the system of equations which describe cosmology has a
well-posed Cauchy problem. In the Newtonian case, however, the system is under-determined
- at least five functions of the set θ, ωi and σij must be specified for all time. Thus, the
Newtonian theory is not able to fully reproduce the full Bianchi types of general relativity in
general. Arbitrary shear has no analogy in general relativity. However, once five (arbitrary)
constraints have been imposed, the theory has an initial value formulation within the constraint
of being homogeneous and isotropic and within the strange set up of allowing a given evolution
of the shear.
Let us explore how far the post-Newtonian approximation [9] goes in overcoming this diffi-
culty. The post-Newtonian theory is known to be well-posed in the general case of anisotropy
and inhomogeneity [9]. The extra potentials of the post-Newtonian theory act as integrability
conditions for the Newtonian potential φ. We will see how these extra potentials help us in
making the system determined in general.
2.2 Post-Newtonian Approximations of Anisotropic Homogeneous Cosmolo-
gies
Following a scheme similar to that of Weinberg [12], we adopt units in which the typical velocity
has magnitude 1, i.e. β ≈ v
c
, and assume a one parameter family of metrics gµν(x
λ, c) for which
there is a system of coordinates (x0, xi) in which the components of the metric have the following
asymptotic behaviour as c −→∞:
g00 = −1− 2φc−2 − 2αc−4 − 2α′c−6 − 2α′′c−8..... ,
g0i = ζic
−3 + ζ ′ic
−5 + ζ ′′i c
−7..... ,
gij = δij − 2φδijc−2 + αijc−4 + α′ijc−6 + α′′ijc−8..... . (10)
The usual Newtonian theory is obtained as the O(c−2) limit of (10), while the Newtonian
approximation is the O(c−4) limit. Reformulating the field equations of the O(c−6) limit as
wavelike equations defines the post-Newtonian theory used here (see [9]).
After applying the harmonic gauge conditions
φ˙ = −1
4
ζi,i, (11)
ζ˙i = φij,j, (12)
the field equations for the post-Newtonian theory are
φ,kk = 4πGρ+
1
4c2
(−φjk,jk − J) , (13)
ζi,kk = 16πGρvi +
1
c2
(
φ˙ij,j −Ki
)
, (14)
φ¨ij − c2φij,kk = Kij + c2 [16πG(ρvivj + δijp)− Jij ] , (15)
5
where the α and αij of (10) are such that
φij = αij − 2δijα,
with
J ≡ 6φ,iφ,i − 16πG(ρv2 + 4ρφ),
Ki ≡ 3ζj,jφ,i + 2ζjφ,ij − 2φ,jζj,i
−16πG
[
vip+ ρviv
2 − 1
2
ρζi
]
,
Jij ≡ 8φφ,ij + 4φ,iφ,j − δij(6φ,kφ,k + 32πGρφ),
Kij ≡ −1
2
(ζiζk,kj + ζjζk,ki)− ζk (ζi,jk + ζj,ik) + 2ζkζk,ij + ζk,iζk,j + ζi,kζj,k
−2φ,k (φki,j + φkj,i − 2φij,k)− 16φφ,iφ,j + φ,iφkk,j
+φ,jφkk,i − 2φ (φki,jk + φkj,ik − φij,kk − φkk,ij)− 2φkiφ,jk
−2φkjφ,ik + 2φ,ijφkk − δij
(
1
2
ζk,mζk,m +
1
2
ζm,kζk,m +
1
2
(ζk,k)
2
−ζkζm,mk − 4φ,kφkm,m + 4φ,kφmm,k − 12φφ,kφ,k
−φ (2φkm,mk − 2φmm,kk)
)
+8πG
[
2pvivj + 2ρ(2φ+ v
2)vivj + ρφij
+δij
(
2ρφv2 − 1
2
φp+
3
4
φ,kρ,k +
1
2
ρφ,kk
)]
.
This system forms a closed set which is consistent because the Bianchi identities are obtain-
able from the field equations:
ρ˙
(
1 +
v2 − 4φ
c2
)
+ (ρvj),j
(
1 +
v2
c2
)
+
1
c2
[
ρ
(
2vj v˙j + 2vjvkvk,j +
1
2
ζj,j
)
−1
2
ρ,jζj + (vjP ),j +
1
16πG
(2φ,iζi,jj − 2ζiφ,jii − 3ζi,iφ,jj)
]
= 0 (16)
and
ρ(v˙i + vi,jvj + φ,i) + P,i =
1
16πGc2
[
−(J˙ +Kj,j)vi+
K˙i −Kij,j − 2φ(J,i + φjk,kij)− φ,i(J + φjk,jk)
]
. (17)
Homogeneity can be provided by the following ansa¨tze:
φ = aij(t)Xij + a(t),
ζi = bijkl(t)Xjkl + bij(t)Xj , (18)
φij = cijklmn(t)Xklmn + cijkl(t)Xkl + cij(t),
where Xij = XiXj , Xijk = XiXjXk etc. These are more general ansa¨tze than in [7] where
isotropy has been ensured through similar constraints. As before we assume that the density
and pressure are functions of time only, and are related through a barotropic equation of state.
The velocity field decomposes as shown before in equation (5).
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Substituting the ansa¨tze (18) into the field equations for the post-Newtonian theory, Eqs.
(13 to 15), and comparing expressions of different powers in Xi, yields the set of equations for
the anisotropic homogeneous post-Newtonian approximation:
akk = 2πGρ + c
−2
[
−1
4
cklkl + 8πGρa
]
, (19)
3 (2aikajk + cklklij)− 4πGρ (4aij + VkiVkj) = 0, (20)
3bikkj = 8πGρVij + c
−2
[
c˙ikkj − 3bkkaij − 2aikbkj + 2ajkbki + 8πG
(
Vijp− 1
2
ρbij
)]
, (21)
2c˙immjkl = 9ai j b kl mm − 6am j bmi kl + 2aimbmjkl − 4πGρ
(
−bijkl + 4Vi j Vm k Vm l
)
,
(22)
2cijkk − 16aaij + 16πG(2ρa + p)δij + c−2 [−c¨ij + 2bikbjk + 4aijckk − 4aikcjk − 4ajkcik
−δij
(
1
2
bkkbll + bklbkl
)
+ 8πG
(
ρcij + δij
(
−1
2
ap+
1
2
ρckk
))]
= 0, (23)
12cijmnkk − 8 (2aijamn + aimajn + ainajm − 3δijamkank) + 32πGρδijamn
+8πGρ (VimVjn + VinVjm)
+c−2
[
− c¨ijmn + 16a (3δijakmakn − 2aimajn − 2ainajm)
+
3
2
(
2binbkkjm + 2bjnbkkim + 2bimbkkjn + 2bjmbkkin − bikbjkmn − bjkbikmn
)
+2 (ainckkjm + ajnckkim + aimckkjn + ajmckkin)− 4 (aikckjmn + ajkcikmn − aijckkmn)
+4πG
(
2ρcijmn + pVimVnj + pVinVmj + pVjmVni + pVjnVmi
+4ρa (VimVjn + VjmVin + δijVlmVln)− paδijamn + δijcmnkk
)]
= 0, (24)
c¨ijmnrs − 3bi mnr bkkj s − 3bj mnr bppi s + 9bik mn bj rs k + 9bjk mn bi rs k
−64ai m aj n a rs + 8ai m ckkj nrs + 8aj m ckki nrs − 4aj m cikk nrs
−4ai m cjkk nrs + 4aijckkmnrs − δij
(
3b mnrs bkkll + 3bkk mn bll rs − 48a mn a rs akk
)
+8πG
[
4ρa mn Vi r Vj s + ρcijmnrs + 2ρVi m Vj n V rs
+δij
(
1
2
ρcmnrskk + 2ρa mn V r kVk s
)]
= 0, (25)
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where we have introduced the notation
bi mnr bppj s =
1
12
{
bimnrbppjs + bimrsbppjn + bimnsbppjr + binmrbppjs
+binrsbppjm + binmsbppjr + birmnbppjs + birmsbppjn
+birnsbppjm + bismnbppjr + bismrbppjn + bisnrbppjm
}
and similar, to indicate total symmetrisation in all indices that are surrounded by a box.
The harmonic gauge conditions (11,12) give
a˙ = −1
4
bkk,
a˙ij = −3
4
bkkij,
b˙ij = 2cikkj,
b˙ijkl = 4cimmjkl , (26)
and the Bianchi identities become
L(t) + c−2(M(t) +Nij(t)Xij) = 0 (27)
and
OijXj + c
−2(Qij(t)Xj + Sijkl(t)Xjkl) = 0, (28)
where
L(t) = ρ˙+ ρVkk,
M(t) = −4ρ˙a+ 1
2
ρbkk + pVkk −
3
8πG
akkbll,
Nij(t) = ρ
(
VikVjkVll + VikV˙jk + VjkV˙ik + VikVklVlj + VjkVklVli +
3
2
bkkij
)
+
1
2
ρ˙ (VikVkj + VjkVki − 8aij) + 1
16πG
[
7
2
aikbkllj +
7
2
ajkbklli − 18akkbllij
]
.
Oij(t) = V˙ij + VikVkj + 2aij ,
Qij(t) =
1
ρ
{
Vij
(
4ρ˙a+ 4ρa˙− 1
2
ρbkk − ρaVkk − p˙
)
+ 24ρaaij − pV˙ij + 1
2
ρ˙bij +
1
2
ρb˙ij
− (p+ ρa)VikVkj + p
2
aij + 2ρaVkiVkj − ρcikkj
}
+
1
16πGρ
{
− 6Vijakkbll + 6b˙kkaij + 6bkka˙ij + 4aik b˙kj + 4a˙ikbkj − 96aaikajk
−48acklklij + 3bijbkkll − 3bikbllkj − 6bikbkllj + 6bkjbikll − 6bkibllkj
+9bkkbllij − 9bkjbllik − 6bklbklij + 6bklblkij − 12aijcklkl + 8aijckkll − 8aikckllj
+4aikcllkj + 4ajkcllki + 8aklcklij − 8akjcilkl − 4akkcllij
}
Sijkl(t) =
ρ˙
ρ
{
4V
i j
a
kl
+
1
2
bijkl − Vi j Vm k Vm l
}
+
1
2
b˙ijkl + 4Vi j a˙ kl + 24ai j a kl
8
+
3
2
V
i j
b
mm kl
− 2cimmjkl − V˙i j Vm k Vm l − 4amiV jk Vm l
+2a
i j
[
V
m k
V
m l
− V
k m
V
m l
− VmmV kl
]
− VimVm j Vn k Vn l
+
1
16πGρ
{
− V
i j
[
48a
m k
a˙
m l
+ 18ammbnn kl − 24am k bmnn l
]
+18a
i j
b˙
mm kl
+ 18a˙
i j
b
mm kl
+ 4aimb˙m jkl + 4a˙imbm jkl
+48a
i j
a
m k
a
m l
+ 64a
i j
amma kl
− 120a
i j
c
mnmn kl
+ 16amncmnijkl
−48aimc j nmn kl − 8ammcnnijkl + 56aimcnnmjkl − 16aimcmmnjkl
+24a
i j
c
mmnn kl
− 9b
i jk m
b
nnm l
+ 3bijklbmmnn + 6bimnnbmjkl
−18b
mni j
b
mn kl
− 18bmnnibmjkl − 27bmmnibnjkl
+27b
mmi j
b
nn kl
+ 18b
mni j
b
nm kl
}
.
Note that setting L(t) = 0, i.e. setting higher order terms in c−2 to zero, one recovers the
continuity equation of the Newtonian approximation. Similarly, O(t) = 0 yields the Euler
equation of the Newtonian approximation.
It can be shown that the time derivative of (19) and the trace of equation (21) combined
give
L(t) + c−2M(t) = 0, (29)
in accordance with the Bianchi identity (16). This essentially is the continuity equation with
c−2 corrections. The time derivative of equation (20) and the trace of equation (22) yield
Nij(t)Xij = 0 (30)
which is also consistent with the Bianchi identity (16).
We can also recover the post-Newtonian Euler equation by combining the time derivative of
(21) and the diagonal elements of (24) to obtain
Oij(t)Xj + c
−2Qij(t)Xj = 0. (31)
The final part
SijklXjkl(t) = 0, (32)
can be obtained by combining the time derivative of (22) with equation (25).
Thus we may completely define the anisotropic, inhomogeneous post-Newtonian cosmology
with the set of equations; (29), (31), (19), (20), (21), (22), (25), (24, m 6= n) and (23).2 In
the case of the isotropic, homogeneous post-Newtonian cosmology, [7] it was shown that there
existed relationships between the field equations rendering many of them redundant. This is
special to the case of isotropy and due to the symmetries of the potentials. We know very
little about the symmetries of the potentials in the more general situation of anisotropy. The
harmonic gauge conditions provide a little assistance. For example:
Newtonian cosmology is contained within the equations (29), (31), (19), (20), (21), (22), (25),
(24, m 6= n) and (23), as the special case when the c−2 terms go to zero. Equations (19), (29) and
2Eq. (23) is the only equation not to contribute to the Bianchi identities.
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(31) are then the Newtonian theory with c−2 corrections. The corrections to the theory contain
extra unknowns - the potentials ζi = bijklXjkl + bijXj and φij = cijklmnXklmn + cijklXkl + cij
which are determined by the equations (20), (21), (22), (25), (24, m 6= n) and (23).
We will now attempt to use the equations (29), (31), (19), (20), (21), (22), (25), (24, m 6= n)
and (23), to solve for the unknowns; aij(t), a(t), bijkl(t), bij(t), cijklmn(t), cijkl(t) and cij(t).
Let us start with equation (21) which has trace
3blkkl = 8πGρVkk + c
−2
(
c˙lkkl − 3akkbll + 8πG
[
pVkk − 1
2
ρbkk
])
. (33)
With the aid of the harmonic gauge conditions (26), it can be shown that this is just the time
derivative of equation (19). Thus this equation is redundant. The symmetric part of (21) is
3
2
(bikkj + bjkki) +
4
3
a˙kkδij = 8πGρσij (34)
+c−2
{
1
4
[
b¨ij + b¨ji
]
+
2
3
...
a δij + 12a˙aij − 4a˙akkδij + 2πG
[
4pσij − ρ (bij + bji)− 8
3
ρa˙δij)
]}
,
where the harmonic gauge conditions and equation (19) have been used. The antisymmetric
part is given by
8πGρωij +
3
2
(bjkki − bikkj)
+c−2
{
1
4
[
b¨ij − b¨ji
]
− 2aikbkj + 2ajkbki + 2πG [4pωij − ρ (bij − bji)]
}
= 0, (35)
where once again the harmonic gauge conditions have been used for simplification where ever
possible. These equations can be solved once we know aij to obtain information about bij
3 and
bijkl.
We now want to find aij . To do so we consider equations (20), (22) and (25). Equation (20)
has the trace
a¨kk = 6aklakl − 4πGρ
{
4akk +
1
3
θ2 + 2σ2 + 2ω2
}
. (36)
providing us with an equation for akk. The traceless part is given by
6aikajk − a¨ij − 4πGρ
(
4aij +
1
9
θ2 + 2σ2 + 2ω2 +
2
3
θσij + σkiωkj + σkjωki
)
= 0, (37)
which yields aij . Summing over k = l in (22) gives an equation which is just the time derivative
of (37).
We still have information remaining in equation (22), however. The remainder of equation
(22) is
b¨ijkl = 18ai j b kl mm − 12am j bmi kl + 4aimbmjkl − 8πGρ
(
−bijkl + 4Vi j Vm k Vm l
)
.
(38)
From this equation the traceless part of bijkl can be determined.
Consider equation (23). The trace is given by
2ckkll − 16aakk + 48πG(2ρa + p)
+c−2
(
−c¨kk − bklbkl + 4akkcll − 8aklckl − 24a˙2 + 4πG [5ρckk − 3ap]
)
= 0. (39)
3bkk of course being given by the harmonic gauge conditions.
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It can be shown that, when combined with (19), this equation is just (31) again and thus is
redundant. Now consider the symmetric piece
2cijkk − 2
3
cmmkk − 16aaij + 16
3
aakkδij + c
−2
{
− c¨ij + 1
3
c¨kkδij + 2bikbjk − 2
3
bklbklδij
+4aijckk −
4
3
akkcllδij − 4aikcjk − 4ajkcik +
8
3
aklcklδij + 8πGρ
[
cij − 1
3
ckkδij
]}
= 0,
(40)
which can be used in equations (34) and (35) above to define cij . There is no antisymmetric
equation.
We have seen that equations (36) and (37) give aij(t). The harmonic gauge conditions can
be used to determine bkk, and equations (34) and (35) give the trace-free part of bij We may
then determine bijkl in the following manner: Use the harmonic gauge conditions to obtain
bkkij (recall that there is symmetry in the last three indices). Then use Eq. (38) to obtain the
remaining bijkl’s. The cij ’s come from equation (40). To solve for cijkl use the harmonic gauge
conditions to find cikkj (where there is symmetry in the first two and second two indices) and
Eq. (24). Finally, Equation (25) then provides cijklmn.
Thus, equations (20), (21), (22), (23) and (25) determine the unknowns aij, bijkl, bij, cijklmn,
cijkl and cij , and the set of equations (19), (29), (31), now contain only the eleven unknowns θ,
ωij, σij , ρ and A(t). This means that the equations can be solved for all the unknowns uniquely.
Therefore the post-Newtonian approximation provides a well-posed, closed, complete system.
Thus, the post-Newtonian approximation produces a set of cosmological equations which are
more in the spirit of the Bianchi types of general relativity.
3 Newtonian Theory and the Post-Newtonian Approximation
of Rotation-free Anisotropic Homogeneous Cosmologies
3.1 Rotation-free Anisotropic Homogeneous Newtonian Cosmology
We first like to examine the Newtonian approximation of cosmology with vanishing rotation and
diagonal shear, σij = diag(σ11, σ22,−σ11 − σ22). The Newtonian approximation (Eqs. (4) and
(6) to (9)) is then given by
aii = 4πGρ, (41)
ρ˙+ ρθ = 0, (42)
θ˙ = 4πGρ− 1
3
θ2 − 2σ2, (43)
σ˙ij = aij − 2
3
θσij − σikσkj + δij(2
3
σ2 − 1
3
akk). (44)
For i 6= j, equation (44) yields
aij = 0, i 6= j. (45)
The diagonal elements of the shear obey the differential equation (44, i = j, no summation
over i)
σ˙ii = aii − 2
3
θσii − Σkσikσki + 2
3
σ2 − 1
3
Σkakk. (46)
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Summing over i just yields the definition of σ2
2σ2 = σijσji = 2
(
σ211 + σ
2
22 + σ11σ22
)
. (47)
Thus, (46) provides at most two independent equations. Introducing θ = 3 R˙
R
the set of equations
can be written as
R¨
R
=
4
3
πGρ0R
−3 − 2
3
(σ211 + σ
2
22 + σ11σ22), (48)
ρ = ρ0R
−3, (49)
a11 = σ˙11 + 2
R˙
R
σ11 +
1
3
σ211 −
2
3
(σ222 + σ11σ22) +
4
3
πGρ0R
−3, (50)
a22 = σ˙22 + 2
R˙
R
σ22 +
1
3
σ222 −
2
3
(σ211 + σ11σ22) +
4
3
πGρ0R
−3, (51)
a33 = 4πGρ0R
−3 − a11 − a22, (52)
where ρ0 is a constant.
Consider the structure of these five equations: If we provide the functions σ11 and σ22 for
all time, then the theory has a well-posed initial value problem for the variables R(t), ρ(t),
a11(t), a22(t) and a33(t). Equation (48) is the Raychaudhuri equation (obtained from (43)),
and its solution provides R(t). From Eq. (49) (which comes from (42)) the density ρ(t) can
be extracted which, once an equation of state is provided, gives p(t). Equations (50) and (51)
(from (44)) give a11 and a22, and from (52) (or (41)), which is the Poisson equation, a33 can be
extracted.
Thus, for a homogeneous anisotropic cosmology in Newtonian theory, there is an initial value
problem provided we supply two functions for all time. We have seen that the post-Newtonian
theory is able to give as many equations as unknowns. So there is no need to specify any functions
of time. Actually, there is no need to (arbitrarily) specify any of the unknown functions in order
to obtain an initial value problem. We will revisit the Newtonian theory shortly, when we will
consider the Bianchi I metric as a specific example of a homogeneous anisotropic cosmology with
vanishing rotation.
3.2 The Homogeneous Bianchi I Universe
3.2.1 The Metric
Now we would like to study Newtonian theory and the post-Newtonian approximation as applied
to a specific example of an anisotropic homogeneous cosmology. To this end we consider the
homogeneous Bianchi I models - i.e. the Heckmann-Schu¨cking solutions of general relativity.4
The metric of the general Bianchi I universe has the form
ds2 = −dx20 +RikRjkdxidxj , where x0 = ct with Rij = diag(R11, R22, R33).
To proceed further, we need to write the Bianchi I metric into a form off which the potentials
φ, ζi and φij can be read. To do so, we consider the following transformation
xo = Tc+ τc
−1 + τ ′c−3,
4Not to be confused with the Heckmann-Schu¨cking cosmology of Newtonian theory.
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xi = R
−1
ij Xj + χic
−2 + χ′ic
−4 (53)
with
τ = A(t) +Aij(t)Xij ,
τ ′ = Bij(t)Xij +Bijkl(t)Xijkl,
χi = Cij(t)Xj + Cijkl(t)Xjkl,
χ′i = Dijkl(t)Xjkl +Dijklmn(t)Xjklmn,
where Xij ≡ XiXj and similar for Xijk etc. Throughout the remainder of the paper we assume:
A˙ ≪ c2 to ensure convergence of the expansion in c−2. A(t), Aij(t), Bij(t), Bijkl(t), Cij(t),
Cijkl(t), Dijkl(t) and Dijklmn(t) are arbitrary functions of time. In these coordinates the metric
reads
ds2 = c2dT 2
[
− 1 + c−2
(
−2A˙− 2A˙ijXij +
(
R−2R˙2
)
ij
Xij
)
+c−4
{(
A˙+ A˙ijXij
)2 − 2B˙ijXij − 2B˙ijklXijkl − 2R˙imC˙mjklXijkl − 2R˙jlC˙ilXij
−2A˙
(
R˙2R−2
)
ij
Xij − 2A˙kl
(
R˙2R−2
)
ij
Xijkl
}
+O(c−6)
]
+cdTdXi
[
c−1
(
−4AijXj − 2
(
R˙R−1
)
ij
Xj
)
+c−3
(
− 8A˙AijXj − 8AijA˙klXjkl − 4BijXj −BijklXjkl + 4Ail
(
R˙2R−2
)
jk
Xjkl
+2R˙jlCilXj + 2RilC˙lj − 6R˙jmCmiklXjkl + 2RimC˙mjklXjkl
+2A˙
(
R˙R
)
ij
Xj + 2A˙kl
(
R˙R
)
ij
Xjkl
)
+O(c5)
]
+dXidXj
[
δij + c
−2
(
−4AikAjlXkl + 4Ajk
(
R˙R
)
il
Xkl + 2RikCjk + 6RimCmjklXkl
)
+c−4
(
− 8A˙AikAjlXkl − 8A˙mnAikAjlXklmn − 8BjkAilXkl − 16BiklmAjnXklmn
+6RimDmjklXkl + 10RipDpjklmnXklmn +R
2
mnCimCjn + 9RipRjqCpiklCqjmnXklmn
+3R2mnCimCnjklXkl + 3RmkRknCjnCmiklXkl + 4
(
R˙2R−2
)
kl
AimAjnXklmn
+4AjlR˙kmCmiXkl + 12AjnR˙kpCpilmXklmn + 4AjmRilC˙klXkm + 4AjnRpiC˙pklmXklmn
+4A˙
(
R˙R−1
)
ik
AjlXkl + 4
(
R˙R−1
)
ik
A˙mnAjlXklmn + 4
(
R˙R−1
)
ik
BjlXkl
+8
(
R˙R−1
)
ik
BjlmnXklmn
)
+O(c−6)
]
. (54)
It can be seen from (10) that there are no terms of order c−1, thus
Aij = −1
2
(
R˙R−1
)
ij
.
Also, from (10) we see that the c−2 terms in g00 and gij must be identical. Hence,
Cij = A˙R
−1
ij ,
Cijkl =
1
4
[(
R˙R−2
)
il
(
R˙R−1
)
jk
+
(
R˙R−2
)
ik
(
R˙R−1
)
jl
]
+
1
6
R−1ij
(
R¨R−1
)
kl
.
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We may now read off the potentials φ, ζi and φij from the metric (54). With the help of the
harmonic gauge conditions (11) and (12) we are able to write down the functions a(t), aij(t)
etc. which appear in the ansa¨tze (18):
a(t) = A˙,
aij(t) = −1
2
(
R¨R−1
)
ij
,
bij(t) = −4Bij + 6A˙
(
R˙R−1
)
ij
− 2A¨δij ,
bijkl(t) = −8Bijkl + 1
36
(
3δ
i j
( ...
R R
−1
)
kl
+ δ
jk
(...
R R
−1
)
i l
)
−5
(
R˙R−1
)
i j
(
R˙2R−2
)
kl
− 8
3
(
R˙R−1
)
i j
(
R¨R−1
)
kl
,
cij(t) = 2A˙
2δij ,
cijkl(t) = −δij
(
B˙kl + B˙lk
)
− 3δijA˙
(
R˙2R−2
)
kl
− 2δijA˙
(
R¨R−1
)
kl
+ 2δijA¨
(
R˙R−1
)
kl
+
1
2
δik
(
R˙R−1
)
jl
+
1
2
δjk
(
R˙R−1
)
il
+
1
2
δil
(
R˙R−1
)
jk
+
1
2
δjl
(
R˙R−1
)
ik
+3RimDmjkl + 3RjmDmikl + 2Bik
(
R˙R−1
)
jl
+ 2Bil
(
R˙R−1
)
jk
+ 2Bjk
(
R˙R−1
)
il
+2Bjl
(
R˙R−1
)
ik
− 11
4
A˙
(
R˙R−1
)
ik
(
R˙R−1
)
jl
− 11
4
A˙
(
R˙R−1
)
il
(
R˙R−1
)
jk
−3
4
A˙
(
R˙R−1
)
ik
(
R¨R−1
)
jl
− 3
4
A˙
(
R˙R−1
)
il
(
R¨R−1
)
jk
−3
4
A˙
(
R˙R−1
)
jk
(
R¨R−1
)
il
− 3
4
A˙
(
R˙R−1
)
jl
(
R¨R−1
)
ik
,
cijklmn(t) = −2δijB˙ klmn +
1
4
(
R˙2R−2
)
kl
(
R˙2R−2
)
mn
δij
−1
6
δij
(
R¨R−1
)
kl
(
R˙2R−2
)
mn
+
1
2
δij
(
R¨R−1
)
kl
(
R¨R−1
)
mn
+2δij
(
R˙R−1
)
kl
(
R˙3R−3
)
mn
− 2
3
(
R˙R−1
)
kl
(
R¨R˙R−2
)
mn
−1
3
δij
(
R˙R−1
)
kl
(...
R R
−1
)
mn
+ 5RioDojklmn + 5RjoDoiklmn
+8B
i klm
(
R˙R−1
)
j n
+ 8B
j klm
(
R˙R−1
)
i n
−1
6
(
R˙R−1
)
i k
(
R˙R−1
)
j l
(
R¨R−1
)
mn
+
25
4
(
R˙R−1
)
i k
(
R˙R−1
)
j l
(
R˙2R−2
)
mn
+
1
6
δ
i k
(
R˙R−1
)
jl
(
R¨R˙R−2
)
mn
− 1
6
δ
i k
(
R˙R−1
)
jl
(...
R R
−1
)
mn
+
1
6
δ
j k
(
R˙R−1
)
il
(
R¨R˙R−2
)
mn
− 1
6
δ
j k
(
R˙R−1
)
il
(...
R R
−1
)
mn
+
(
R˙2R−2
)
i k
(
R˙R−1
)
j l
(
R˙R−1
)
mn
+
(
R˙2R−2
)
j k
(
R˙R−1
)
i l
(
R˙R−1
)
mn
−1
2
(
R¨R−1
)
i k
(
R˙R−1
)
j l
(
R˙R−2
)
mn
− 1
2
(
R¨R−1
)
j k
(
R˙R−1
)
i l
(
R˙R−2
)
mn
.
(55)
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The Heckmann-Schu¨cking solution has Rij = diag (R11, R22, R33) such that
R11 = (t− t0)p1(t− t1)q1 , (56)
R22 = (t− t0)p2(t− t1)q2 , (57)
R33 = (t− t0)p3(t− t1)q3 (58)
with
Σipi = Σip
2
i = 1, (59)
where
qi =
2
3
− pi (60)
such that
Σiqi = Σiq
2
i = 1. (61)
These conditions can be fulfilled by the following parameterisation for p1 to p3 and q1 to q3:
p1 := u,
p2 :=
1− u
2
+
1
2
√
1 + 2u− 3u2,
p3 :=
1− u
2
− 1
2
√
1 + 2u− 3u2,
q1 :=
2
3
− u,
q2 :=
1 + 3u
6
− 1
2
√
1 + 2u− 3u2,
q3 :=
1 + 3u
6
+
1
2
√
1 + 2u− 3u2. (62)
3.2.2 The Heckmann-Schu¨cking Solution of General Relativity and Newtonian
Theory
The Bianchi I model is rotation-free and so the Newtonian theory is just given by equations (48)
to (52). From (55) we see that aij = −12 R¨ikRjk . Define R(t) such that
θ = 3
R˙
R
=
(R11R22R33)
.
R11R22R33
=
2t− t0 − t1
(t− t0)(t− t1) . (63)
The parameters to be determined are u, t0, t1 and ρ0, and the variables are ρ, σ11, σ22.
First consider equations (50) and (51) which using the parametrisation (62) become:
˙σ11 +
2
3
σ11
2t− t0 − t1
(t− t0)(t− t1) +
1
3
σ211 −
2
3
(σ222 + σ11σ22) +
4
3
πGρ
1
(t− t0)(t− t1) =
− u(u− 1)
2(t− t0)2 +
(2− 3u)(1 + 3u)
18(t − t1)2 −
u(2− 3u)
3(t− t0)(t− t1)
and
˙σ22 +
2
3
σ22
2t− t0 − t1
(t− t0)(t− t1)
+
1
3
σ222 −
2
3
(σ211 + σ11σ22) +
4
3
πGρ
1
(t− t0)(t− t1)
=
15
−
(
1− u+√1 + 2u− 3u2
)(
1 + u−√1 + 2u− 3u2
)
8(t− t0)2
+
(
1 + 3u− 3√1 + 2u− 3u2
)(
5− u+ 3√1 + 2u− 3u2
)
72(t − t1)2
−
(
1− u+√1 + 2u− 3u2
)(
1 + 3u− 3√1 + 2u− 3u2
)
12(t− t0)(t− t1) .
Once the parameters u, t0 and t1 are known we are able to solve these two equations for σ11
and σ22.
5 To proceed further, consider Eq. (48) which is a Raychaudhuri-like equation and may
be written as
4
3
πρ0
1
(t− t0)(t− t1)
− 2
3
(σ211 + σ
2
22 + σ11σ22) =
1
3((t− t0)(t− t1))
5
3
− 2
9
2t− t0 − t1
((t− t0)(t− t1))
8
3
.
If σ11 and σ22 are known then this equation relates the two constants t0 and t1. The Poisson
equation (52) simply defines ρ0,
ρ0 =
1
12πG
.
Finally, we can write down (49) as
ρ = ρ0
1
(t− t0)(t− t1) ,
which determines ρ(t). Therefore the shear variables, σ11 and σ22, and the density ρ are now
expressed in terms of two parameters with the initial condition ρ(t = 0) specifying one of them.
Thus, the Newtonian theory in the homogeneous, anisotropic rotation-free case can be solved,
provided we arbitrarily fix the parameter u for all time. However, varying the equation of state
will have no effect on the solutions for the density, since the pressure in no way enters the
dynamics, as was the case in [7] with the FRW cosmology.
3.2.3 The Post-Newtonian Approximation of the Homogeneous Bianchi I Universe
The post-Newtonian theory for the homogeneous anisotropic rotation-free case is given by equa-
tions (20), (21), (22), (25), (24, m 6= n) and (23) which may be solved for the unknowns aij,
bij, bijkl, cij , cijkl and cijklmn as we have shown in section 2. The set of equations (19), (29),
and (31) then determine the eight unknowns θ, σij , ρ and A(t) (or a(t)). Vanishing rotation
imposes extra symmetry on the equations. Therefore many become redundant and there are a
great many simplifications in what does remain. Also we can use the potentials (55) for further
simplification. Clearly aij = 0 for i 6= j, since aij = −12 R¨ikRjk , with Rij = diag(R11, R22, R33).
Using the parametrisation (62) the Poisson-like equation (19) becomes
1
(t− t0)(t− t1) = 6πGρ+ c
−2
{
24πGρ +
3
2
...
A
}
, (64)
which can be used to determine the potential A(t).
The Friedmann-like equation (29), as usual, provides ρ(t):
ρ˙+ ρ
2t− t0 − t1
(t− t0)(t− t1) + c
−2
{
− 4ρ˙A˙− 2ρA¨+ p 2t− t0 − t1
(t− t0)(t− t1) +
A¨
2πG
1
(t− t0)(t− t1)
}
= 0. (65)
5The condition σ11 + σ22 + σ33 = 0 determines σ33.
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The Bianchi identity (31) can be decomposed into a trace part, symmetric trace-less part
and an antisymmetric part. The trace yields the Raychaudhuri-like equation
6(t− t0)(t− t1)− 2(2t− t0 − t1)2
(t− t0)2(t− t1)2 + 4πG
(
ρ+ 3pc−2
)
− σ2
−c−2
{
A˙
9
[
124(2t − t0 − t1)2
(t− t0)2(t− t1)2
− 14
(t− t0)(t− t1)
]
+
22
3
A¨
2t− t0 − t1
(t− t0)(t− t1) +
123
8
...
A +σ
2
[
−5
3
A˙+
3
8
ckkll(t− t0)(t− t1)
]
+ckkll
(
63
16
− 1
2
(2t− t0 − t1)2
(t− t0)(t− t1)
)
+ c˙kkll(2t− t0 − t1)− 9
4
bkl (bklmm + blkmm)
−96A˙
[(
u(3u− 2)
3(t− t0)(t− t1) −
u(u− 1)
2(t− t1)2 +
(2− 3u)(3u + 1)
18(t− t0)2
)2
+


(
u− 1−√1 + 2u− 3u2
) (
−u− 1 +√1 + 2u− 3u2
)
4(t− t0)(t− t1)
+
(
1− u+
√
1 + 2u− 3u2
) (
u+ 1−
√
1 + 2u− 3u2
)
8(t− t1)2
−
(
3u+ 1− 3√1 + 2u− 3u2
) (
3u− 5− 3√1 + 2u− 3u2
)
72(t − t0)2


2
+


(
u− 1 +√1 + 2u− 3u2
) (
3u+ 1 + 3
√
1 + 2u− 3u2
)
12(t − t0)(t− t1)
+
(
1− u−
√
1 + 2u− 3u2
) (
u+ 1−
√
1 + 2u− 3u2
)
8(t− t1)2
−
(
3u+ 1 + 3
√
1 + 2u− 3u2
) (
3u− 5 + 3√1 + 2u− 3u2
)
72(t − t0)2


2


+
1
24
b˙11
[
−6u (3u− 2) + 9u(u− 1)(t− t0)
t− t1
+
(3u− 2)(3u + 1)(t− t1)
t− t0
]
+
1
96
b˙22
[
6
(
1− u+
√
1 + 2u− 3u2
) (
1 + 3u− 3
√
1 + 2u− 3u2
)
−
9
(
1− u+√1 + 2u− 3u2
)(
1 + u−√1 + 2u− 3u2
)
(t− t0)
t− t1
+
(
1 + 3u− 3√1 + 2u− 3u2
) (
−5 + 3u− 3√1 + 2u− 3u2
)
(t− t1)
t− t0


+
1
96
b˙33
[
6
(
1− u−
√
1 + 2u− 3u2
) (
1 + 3u+ 3
√
1 + 2u− 3u2
)
−
9
(
1− u−√1 + 2u− 3u2
)(
1 + u+
√
1 + 2u− 3u2
)
(t− t0)
t− t1
+
(
1 + 3u+ 3
√
1 + 2u− 3u2
) (
−5 + 3u+ 3√1 + 2u− 3u2
)
(t− t1)
t− t0


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+
1
6
b11
[
3u(2 − 3u)(2t− t0 − t1)
(t− t0)(t− t1)
+
9u(u− 1)(t− t0)
(t− t1)2
− (2− 3u)(3u + 1)(t− t1)
(t− t0)2
]
+
1
48
b22

6
(
−1 + u−√1 + 2u− 3u2
)(
1 + 3u− 3√1 + 2u− 3u2
)
(2t− t0 − t1)
(t− t0)(t− t1)
+
12
(
−1− u+
√
1 + 2u− 3u2
) (
1 + u−
√
1 + 2u− 3u2
)
(t− t0)
(t− t1)2
−
(
1 + 3u− 3
√
1 + 2u− 3u2
) (
−5 + u− 3
√
1 + 2u− 3u2
)
(t− t1)
(t− t0)2


+
1
48
b33

6
(
−1 + u+
√
1 + 2u− 3u2
)(
1 + 3u+ 3
√
1 + 2u− 3u2
)
(2t− t0 − t1)
(t− t0)(t− t1)
+
12
(
1− u−√1 + 2u− 3u2
) (
1 + u+
√
1 + 2u− 3u2
)
(t− t0)
(t− t1)2
−
(
1 + 3u+ 3
√
1 + 2u− 3u2
) (
−5 + u+ 3√1 + 2u− 3u2
)
(t− t1)
(t− t0)2



 = 0, (66)
which may be used to determine u.
The traceless symmetric part is given by
σ˙ij +
2
3
σij
2t− t0 − t1
(t− t0)(t− t1) + σ
2
ij −
2
3
σ2δij + 2aij − 2
9(t− t0)(t− t1)δij =
c−2
{
1
12
σij
[
106A¨− 56A˙ 2t− t0 − t1
(t− t0)(t− t1) + 3(t− t0)(t− t1)c˙kkll + 3 (2t− t0 − t1) ckkll
]
+
70
3
A˙aij +
1
8
(t− t0)(t− t1)ckkll (23aij + 2σ˙ij) + 4
3
A˙σ˙ij
+
2
[
A˙+ 9A¨(2t− t0 − t1)
]
27(t− t0)(t− t1) δij −
1
8
(
b˙ij + b˙ji
)
− 23
72
ckkllδij
+(t− t0)(t− t1)
[
− 3 ...A aij + 9A¨a˙ij + 9
2
(a˙ikbkj + a˙Jkbki)− 7
2
a˙klbklδij
−36aaikajk + 12aaklaklδij + 3
4
(a˙jkbik + a˙ikbjk)
−3
4
(bikbkjll + bjkbkill + 3bklbklij + 3bklblkij − bklbklmmδij − bklblkmmδij)
+
3
2
(aikclljk + ajkcllik)− akmcllkmδij + 3aklcklij
]}
, (67)
and may be used to find σ11, σ22 and σ33 = −σ11 − σ22.
The antisymmetric piece of Eq. (31) is
4(a˙ikkj − a˙jkbki) + 2(a˙jkbik − a˙ikbjk − ajkb˙ik + aik b˙jk)
= 3(bikbkjll − bjkbkill − bkjbikll + bkibjkll). (68)
These are three equations. However, with the aid of the harmonic gauge conditions it can be
shown that only two of the equations are independent. These can be used to determine t0 and
t1.
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Thus, the Heckmann-Schu¨cking solutions of general relativity for the post-Newtonian ap-
proximation are defined by the eight variables ρ, R11, R22, R33, σ11, σ22 σ33, A(t),
6 which are
completely determined by the equations (64) to (68).
A second improvement on the Newtonian theory is that here pressure enters into the dynam-
ics through the Raychaudhuri equation. This means that varying the equation of state varies
the solutions for the density ρ, the cosmic scale factor R(t) and the shear σ(t). As in the FRW
cosmology [7] the function of time A(t) is what incorporates the pressure into the system.
4 Newtonian Theory and the Post-Newtonian Approximation
of Shear-Free Anisotropic Homogeneous Cosmologies
4.1 The Newtonian Shear-Free Anisotropic Homogeneous Universe
The Heckmann-Schu¨cking solution of section 2.1 is the Newtonian approximation of an
anisotropic homogeneous cosmology. The cosmology is given by equations (4), (6) and (7)
to (9) with vanishing shear. The equations reduce to
aii = 4πGρ, (69)
ρ = ρ0R
−3, (70)
ωi = ωi0R
−2, (71)
R¨
R
= −4πGρ0
3R3
+
2ω20
R4
. (72)
Recall that with the five shear functions arbitrarily set to zero we have a determined system.
The final equation (72) may be integrated out to give the Heckmann-Schu¨cking solution
R˙2 =
8πGρ0
3R
− 2ω
2
0
3R2
− ǫ
τ20
, (73)
where ǫ = ± 1 or 0, τo an arbitrary constant. When ωi0 = 0 we have a shear-free and rotation-
free cosmology which becomes isotropic. This is just FRW, which is the most general possible
solution for homogeneity and isotropy. In this case equation (73) can be identified with the
Raychaudhuri equation of the FRW cosmology.
A theorem of Ellis [1] states that in the case of shear-free dust either the expansion or the
rotation must vanish. Setting θ = 0, we obtain the following solution for R(t)
R =
2ω2o
8πGρ0
. (74)
Hence R is a constant, and as long as ω0 is non-zero, there is no possibility of there being a
singularity for R(t). The solution will have minimum and maximum values for R(t) but may
never be zero, [10].
Next we explore the analogous case in the post-Newtonian approximation and see how far it
comes in overcoming this difficulty.
4.2 The Post-Newtonian Approximation of an Anisotropic Homogeneous
Shear-free Universe
The post-Newtonian approximation for the shear-free case is given by the field equations (20),
(21), (22), (25), (24, m 6= n) and (23), along with a Poisson-like equation (19) and the Bianchi
6And, p(t) which is defined through a barotropic equation of state.
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identities (29), (31), with σij = 0. The equations (19), (29) and (31) are eleven equations, and
the variables are reduced to ρ (which may be determined from (29)), θ (which may be determined
from the trace of (31)), ωij (which may be determined from the antisymmetric part of (31)) and
a(t) (which may be determined from the Poisson-like equation (19)). Unlike in the rotation-free
case where the aij can be determined from the additional field equations here we will use what
remains of the symmetric part of (31) to determine the aij for i 6= j. The unknowns bij, bijkl,
cij , cijkl and cijklmn that appear in the c
−2 corrections to (19), (29) and (31) are determined
from the additional field equations (20), (21), (22), (23), (24, m 6= n) and (25).
The reduction in unknowns must be accompanied by redundancies otherwise the system
will be overdetermined. We saw earlier that equations (36) and (37) yield aij . Somewhat
tedious calculations show that the time derivative of the symmetric part of (21) and (24) give
the symmetric part of (31) in this special case of vanishing shear. Thus, we may ignore the
symmetric part of (31).
The Poisson-like equation (19) is
akk = 2πGρ+ c
−2(−1
4
cklkl + 8πGρa), (75)
which defines a(t). Defining θ = 3
˙R(t)
R(t) we may write the continuity equation (29) which allows
us to solve for ρ as7


(
(R11R22R33)
1
3
).
(R11R22R33)
1
3


2
=
8πG
3
ρ+ γc−2, (76)
where γ is a solution of the differential equation
γ˙ + 4γ
((
(R11R22R33)
1
3
)..)
(R11R22R33)
1
3
+ A¨
(
(R11R22R33)
1
3
)..
(R11R22R33)
1
3
+8a˙


(
(R11R22R33)
1
3
).. (
(R11R22R33)
1
3
).
(R11R22R33)
2
3
−
(
(R11R22R33)
1
3
)...
(R11R22R33)
1
3

 = 0. (77)
The antisymmetric part of (31) becomes
ω˙ij +
2
3
θωij +
1
ρ
c−2
(
ωij
(
−2ρa˙− 2ρ˙a+ 2ρaθ + 1
2
ρbkk
)
− 1
2
ρ (cikjk − cjkik)
+2ρaω˙ij − 4
3
ρaθωij +
1
16πG
[
−8
3
θωij − 4
3
ωij
(...
a +4a˙akk + 4aa˙kk
)
−4
3
(
ω˙ij +
2
3
θωij +
1
2
ωikωkj − 1
2
ωjkωki
)
(a¨+ 4aakk)− 24ωijakka˙− 4a˙kjbki
+4a˙kibkj − 4akj b˙ki + 4akib˙kj − 15bikbllkj + 15bjkbllki − 12aikcllkj
+12ajkcllki − 4aikckljl + 4ajkcklil − 4ajkcilkl + 4aikcjlkl + 8alkclikj
−8alkcljki − 8alkciklj + 8alkcjkil]) = 0, (78)
which may be solved for ωij. Finally, the trace of (31) gives a Raychaudhuri-like equation which
is
3
R¨
R
= 4πG
(
ρ+ 3pc−2
)
+ 2ω2 + c−2

−114a
(
R˙
R
)2
+ 20a˙
R˙
R
+ 8aakk −
95
16
a¨
7Which is the same as in the rotation-free case.
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−51
2
cklkl +
10
3
aω2 +
1
4πGρ

−6a¨
(
R˙
R
)2
− a¨ R¨
R
− 1
3
...
a −2
3
a¨ω2
−1
4
aaklakl + akl (2ckmlm − 8cmmkl − 6cmlkm) + b˙kl
])
. (79)
Thus, the case of an anisotropic homogeneous shear-free cosmology is essentially defined by
a Poisson-like equation (75), a Friedmann-like equation (76), a Raychaudhuri-like equation (79),
and has rotation given by (78). Its variables are ρ(t), R(t), ωij(t), aij(t) and a(t).
In contrast to Newtonian theory, in post-Newtonian theory the Raychaudhuri equation has
the pressure entering the dynamics and so gives rise to a variety of possible solutions for ρ(t) and
R(t). Before the only solution was that of dust. It is through the function a(t), that the pressure
enters into the dynamics. Without such a term the c−2-corrections would vanish and we would
be left with a system where pressure is not dynamic. There is however, a more serious reason
for keeping these higher order terms and it relates to the Ellis theorem: The Raychaudhuri-like
equation (79), allows for solutions with R(t) = 0. Due to the pressure becoming dynamic, with
a variation in equation of state the solutions for the density vary. Thus equations (70) and (71)
no longer hold. Solutions different to dust are possible, and the rotation is no longer just a
constant. Hence the Raychaudhuri equation (79) will no longer yield the result (74).
5 Conclusion
In this paper we have derived the post-Newtonian approximation for anisotropic homogeneous
cosmologies. In contrast to the Newtonian approximation the equations are well-posed. The
cosmological equations of the post-Newtonian approximation are much more in the spirit of the
Bianchi types of general relativity.
We considered a particular example of the Bianchi identities - the Bianchi I cosmology. In
the Newtonian theory assuming anisotropy and homogeneity leads to the well known Heckmann-
Schu¨cking solutions. Howsoever, even with homogeneity, there are still not enough equations
to solve for all the unknowns and some need to be supplied for all time. The post-Newtonian
theory is able to overcome this problem and also allows the pressure to enter into the dynamics
of the theory. Therefore the full set of possible solutions for R(t) as outlined in [7], can be
reproduced.
The result of pressure entering into the dynamics allows for more than just a matter domi-
nated universe. In this way more general solutions are obtained than in the Newtonian case. In
the shear-free case with rotation the Raychaudhuri equation gives rise to a singularity. In this
way the Ellis theorem does not lead to contradictions, and there is hope that the solutions of
the post-Newtonian approximation may all have general relativistic counterparts. In the very
least we no longer have solutions to which there can be no general relativistic analogues.
It seems reasonable then to replace the Newtonian theory with the post-Newtonian approx-
imation when considering homogeneous cosmologies, whether they be isotropic or not.
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